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We report an analysis on a phonon spectral function of a solid-state plasma formed in a doped
semiconductor. Real and imaginary parts of phonon propagators are evaluated including carrier
screening effects within a random phase approximation, and finite-temperature spectral behavior of
the phonon spectral function is examined in terms of plasmon–phonon coupled modes and quasi-
particle excitation mode of the plasma. The results are applied to the case of conduction electrons
in a wurtzite GaN considering carrier-phonon coupling channel via polar optical phonons. We show
that the dispersion relations of the plasmon-LO phonon coupled (‘upper’ and ‘lower’) modes and the
character of the additional modes via single quasiparticle excitations are heavily associated with the
nonlocal and dynamic behavior of the energy shift and collisional broadening of the dressed phonon
propagator of the plasma.
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I. INTRODUCTION
It is well known that polar phonons and plasmons
are strongly coupled in a solid-state plasma through
their macroscopic electric fields [1]. The mode cou-
pling problems between the longitudinal optic (LO)
phonons and plasmons have been investigated exten-
sively both theoretically and experimentally includ-
ing experimental confirmations in Raman scattering
measurements [2–4]. If the frequency of plasma is
comparable to that of the LO phonon, the interac-
tion of these excitations is maximized leading to the
formation of coupled plasmon-phonon modes [5].
Phonon spectral function of a solid-state plasma
reveals the behaviors of coupled plasmon-phonon
modes through carrier-phonon interaction in addition
to the individual properties of phonons and carriers.
Jain and co-workers reported a low energy quasiparti-
cle excitation-like (QPE-like) mode and proposed its
role on the hot electron energy loss rate in a single
component electron plasma at low temperature [6].
However, no detail has been known about the nature
of the low energy QPE-like mode and the spectral
behavior of the mode.
In this paper, we present an analysis of LO phonon
spectral function of a solid-state plasma illustrating
the spectral behaviors of both modes of plasmon-
phonon coupled ‘upper’ and ‘lower’ branches [1] and
the QPE-like mode in detail applied to the case of
conduction electrons in a doped GaN. In GaN, much
enhanced carrier-polar phonon couping is expected,
compared to GaAs, due to its higher ionicity. We
find that the behavior of the QPE-like mode is heav-
ily associated with the frequency and wavenumber
dependent energy shift and collisional broadening of
the dressed phonon propagator of the plasma.
∗Corresponding author. e-mail: ksyi@pusan.ac.kr
†Present address: Department of Physics and EHSRC, Univer-
sity of Ulsan, Ulsan 680-749, Republic of Korea
II. FORMULATION
The phonon spectral function A is defined by
A(~q, ω) = − 1piImD(~q, ω), where D(~q, ω) is the re-
tarded phonon propagator [7, 8]. In the presence of
electron-electron interaction in many carriers system,
dielectric screening renormalizes the electron–phonon
coupling resulting in the dressed phonon propagator
D written as [6–9]
D(~q, ω) =
2ω~q
ω2 − ω2~q − 2ω~q |M~q |2 Π(~q, ω)/~
. (1)
Here ω~q and M~q(= M
∗
−~q) are the bare (undoped crys-
tal) phonon frequency and the matrix element of spe-
cific electron–phonon coupling, respectively [10, 11],
and Π(~q, ω) denotes the full retarded polarization
function of the plasma. The poles of D(~q, ω) deter-
mine the renormalized phonon dispersion relations.
In Eq.(1), | M~q |2 Π(~q, ω)/~ in the denominator rep-
resents the (complex numbered) phonon self-energy
correction [=∆(~q, ω) − iΓ(~q, ω)] via plasma polariza-
tion function. This collisional broadening modifies
the spectral behavior of the phonon spectral func-
tion of the material in the ω − q space. For the bare
phonons in undoped material, we consider a simplified
Einstein-type non-dispersive model for polar optical
phonons of ω~q = ωLO(= 92 meV in undoped GaN).
The full retarded polarization Π(~q, ω) in Eq.(1) sat-
isfies Dyson equation given, in terms of irreducible
counterpart Π˜(~q, ω), by [7]
Π(~q, ω) =
Π˜(~q, ω)
1− vqΠ˜(~q, ω)
. (2)
Here vq = 4pie
2/q2, the bare Coulomb interaction.
The dressed interactions V˜ij between carriers i and j
are written as
V˜ij = Vij +
∑
`
Vi`Π˜``V˜`j ; V˜ij =
Vij
ε˜
, (3)
where Vij is vq(≡ 4pie2q2 ) for i = j or −vq for i 6= j.
The coupled equations of Eq. (3) for V˜ij also define
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2FIG. 1: Real and imaginary parts of dressed polarization functions, Π(q, ω) at carrier temperature T=37 K for a
conduction electron plasma of carrier concentration of 1017cm−3 [(a) and (b)] and 2 × 1019cm−3 [(c) and (d)]. The
wavenumber and frequency are measured in units of the Thomas-Fermi screening wavenumber qsc and the bare LO
phonon frequency ωLO. Pair of dashed lines denotes the region of allowed quasiparticle excitations in a wurtzite GaN.
The zero of ReΠ(~q, ω) is indicated by a thin solid line in panels (a) and (c).
FIG. 2: Real and imaginary parts of the dielectric function, ε(q, ω) at carrier temperature T=37 K for a conduction
electron plasma of carrier concentration of (a) 1017cm−3 and (b) 2× 1019cm−3. The zero of Re ε(~q, ω) is indicated by
thin solid lines in panel (a) and (b).
the dielectric function ε of the many carrier system
written as
ε(~q, ω) = 1− vqΠ˜(~q, ω). (4)
The equation of motion for Π˜ is not of closed form,
and in the mean field or random phase approximation
(RPA) [7, 8], Π˜ is approximated by Π0, the irreducible
(Lindhard) polarization function of a noninteracting
many carrier system [12]. The latter Π0(~q, ω) can
be written in terms of its zero-temperature Lindhard
function [13, 14] to be employed in numerical analy-
sis of the renormalized phonon propagators. Hence,
although Π(~q, ω, T ) in Eq.(2) is a complex function,
one can write the real and imaginary parts of Π(~q, ω)
at finite temperature, in terms of ReΠ0, ImΠ0, and
ε(~q, ω) [13]. In Figs. 1 and 2, the RPA Π(~q, ω) and
ε(~q, ω) at 37 K are illustrated, respectively, for carrier
concentrations of 1017cm−3 and 2× 1019cm−3. Pairs
of dashed lines denote the region of allowed quasi-
particle excitations in a wurtzite GaN. The zero of
ReΠ(~q, ω) is indicated by thin solid lines in Figs. 1(a)
and (c). The zero of Re ε(~q, ω) are indicated, respec-
3tively, by thin solid lines in Fig. 2.
The phonon spectral functionA(~q, ω) is, now, given
by
A(~q, ω)
=
4ω2LOΓ(~q, ω)/pi
[ω2 − ω2LO − 2ωLO∆(~q, ω)]2 + [2ωLOΓ(~q, ω)]2
, (5)
where ∆ and Γ, are written, respectively, as
∆(~q, ω) =| M~q |2 ReΠ(~q, ω)/~ and Γ(~q, ω) = − |
M~q |2 ImΠ(~q, ω)/~. The ∆ describes the fre-
quency renormalization correction due to the elec-
tronic screening of the long-ranged Coulomb fields
associated with the phonons, and the Γ is a mea-
sure of phonon lifetime τ~q or the width of the
spectral function due to collisional broadening [15].
(See the discussion below.) We note that A(~q, ω)
is peaked at ω = ωLO
√
1 + 2∆ωLO . If one ignores
the phonon frequency renormalization, D reduces,
with an infinitesimal positive η, to D0(~q, ω) =
2ωLO/[(ω + iη)
2 − ω2LO], resulting the bare phonon
spectral function [8] A0(~q, ω) = [δ(ω − ωLO)− δ(ω +
ωLO)]. Let us rewrite the denominator of D(~q, ω), in
terms of phenomenological renormalized phonon fre-
quency ω˜~q and phonon lifetime τ~q, as ω
2− (ω˜~q− iτ~q )2.
Then, ω˜~q satisfies a quadratic equation given by
ω˜4~q − ω2LO(1 + 2∆/ωLO)ω˜2~q − ω2LOΓ2 = 0 (6)
with 1/τ~q =
ωLO
ω˜~q
Γ(~q, ω). Here we note that the
electron-phonon interaction introduces the phonon
self-energy to change the bare phonon frequencies
ωLO to the new frequencies ω˜~q with finite lifetime τ~q.
Now the denominator of Eq. (5) is rewitten, in terms
of ω˜~q, as
[ω2 − ω˜2~q + (ωLO/ω˜~q)2Γ(~q, ω)2]2 + [2ωLOΓ(~q, ω)]2, (7)
which determines the behavior of the spectral func-
tion A(~q, ω) in the ω − q plane.
Solving Eq. (6) for ω˜~q gives rise to, in ad-
dition to the renormalized primary mode close to
ω˜~q1 ' ωLO(1 + 2∆ωLO +
Γ2/ω2LO
1+2∆/ωLO
)1/2[≡ Ω1(~q, ω)] for
2∆(~q, ω) > −ωLO, a secondary mode of ω˜~q2 '
Γ/
√
|1 + 2∆ωLO |[≡ Ω2(~q, ω)] for 2∆(~q, ω) < −ωLO with
negative self-energy correction ∆(~q, ω)(< 0). The lat-
ter coupled mode would be well-defined only with
finite values of collisional broadening Γ(~q, ω) (i.e.,
ImΠ(~q, ω) < 0) over the region of ReΠ(~q, ω) < 0
in the ω − q plane. For the case 2∆(~q, ω) = −ωLO,
Eq.(6) is satisfied with ω˜~q =
√
ωLOΓ(~q, ω), leading us
to
A(~q, ω) = 4ω
2
LOΓ(~q, ω)/pi
ω4 + 4ω2LOΓ(~q, ω)
2
.
Deep valley of negative values of ReΠ(~q, ω) occurs
just outside the quasiparticle excitation continuum
in the ω − q plane and below the zero-value contour
indicated by a thin solid line in Fig. 1(a) and (c)].
We note that the secondary mode Ω2 is not expected
in an approximation of taking ImΠ(~q, ω) = 0 and,
hence, Γ = 0 in the approximation [16].
III. RESULTS AND DISCUSSION
In the calculation for numerical results, we use
m∗ = 0.22m0 for the electron effective mass assum-
ing a simple parabolic band of an ideal GaN mate-
rial. The bare plasma frequencies for carrier con-
centrations of 1017cm−3 and 2 × 1019cm−3 are ωp ∼
10.8meV (= 0.12ωLO) and ωp ∼ 150meV (= 1.7ωLO),
respectively, for the plasmas of conduction electrons.
The spectral behaviors of Π(q, ω) and ε(q, ω) are
modified from that of noninteracting counter parts,
Π0(q, ω) and ε0(q, ω), as illustrated in Figs. 1 and
2, revealing the character of the optic plasmonic
branches outside the region of quasiparticle excitation
continuum [17]. In both figures, the wavenumber and
frequency are displayed in units of the Thomas-Fermi
screening wavenumber qsc and the bare LO phonon
frequency ωLO. The qsc is a decreasing function of
temperature and qsc ' 1.39kF (1.01kF ) for carrier
concentration of n = 1017cm−3 (n = 2 × 1019cm−3)
at 37 K. [The zero of ReΠ0c(q, ω) lies in the contin-
uum region of the single-particle excitations, and, at
small q, ReΠ0c(q, ω) changes sign from negative to
positive as ω increases sweeping across the contin-
uum region. On the other hand, ImΠ0c(q, ω) is finite
and negative in the continuum region of the single-
particle excitations showing peak structure near the
zero line of ReΠ0c(q, ω). This observation is a di-
rect consequence of the Kramers-Kronig dispersion
relations [13]. Within the continuum region, elec-
trons within the Fermi sea can be excited to states
outside the Fermi sea. The behavior of Π0c(q, ω)
means that single-particle excitations of free carriers
are the only processes for the energy and momen-
tum dissipation, because the effects of carrier screen-
ing is completely ignored in Π0c(q, ω).] Thin solid
lines in Fig. 2 show the contours of ε(q, ω) = 0,
which denote the dispersion curves of the longitu-
dinal electronic plasmons with plasma cut-offs at
(ωc, qc) ' (0.14ωLO, 0.5qsc) and (2.6ωLO, 0.7qsc) for
carrier concentrations of 1017cm−3 and 2×1019cm−3,
respectively. The well defined optic plasmon modes
are intact to be clearly seen, occurring well outside
the quasiparticle excitation continuum, in the plot
of Re ε(q, ω) at frequencies lower (higher) than that
of the bare LO phonons for carrier concentrations of
1017cm−3 (2× 1019cm−3).
In Fig. 3, the spectral behaviors of the phonon
spectral functions A(q, ω) are illustrated for carrier
concentrations of 1× 1017cm−3 and 2× 1019cm−3 at
carrier temperature 37 K. In panel (c) and (d) cross-
sectional view of A(q, ω) are illustrated for several
different values of q. The dispersion relations of the
peaks of A(q, ω) in the ω−q plane represent the renor-
malized phonon–plasmon (coupled) mode branches
with collisional broadening. The mode coupling of
the LO phonons and plasmons introduces a pair of
branches named L(+)(ω, q) and L(−)(ω, q), the former
(latter) representing high-frequency (low-frequency)
mode [18, 19].
For carrier concentration n = 1017cm−3 in n-doped
GaN, the case shown in panel (a) and (c), ωp  ωLO,
since ωp ∼ 10.8meV(' 0.12ωLO), while, for carrier
concentration n = 2 × 1019cm−3, the case shown in
4FIG. 3: Phonon spectral function A(q, ω) of a single component plasma formed by conduction electrons at carrier
temperature 37 K. (a) carrier concentration of 1017cm−3. (b) carrier concentration of 2 × 1019cm−3. (c) and (d)
cross-sectional view of A(q, ω) at constant values of wavenumber q.
panel (b) and (d), ωp  ωLO, since ωp ∼ 150meV('
1.7ωLO).
For the case of highly doped plasma coupled with
LO phonons [Fig. 3(b)], the L(+)(ω, q) branch is
highly plasmon-like with peaks of large dispersion
dominant near ω ' 2.5ωLO, while the L(−)(ω, q)
mode shows strong phonon-like behavior with broad
peaks for frequencies lying between ωTO < ω < ωLO.
The L(−)(ω, q) branch shows the behavior of highly
screened long-ranged Coulombic phonon fields by the
high frequency plasmonic carriers for q ≤ qsc and in-
effectiveness of the carrier screening to the phonon
fields resulting in the bare phonon frequency ωLO for
q ≥ qsc. Within the quasiparticle excitation contin-
uum region, modes are ill-defined because they are
subject to Landau damping. Beyond the continuum
at large wave numbers, the screening is ineffective
and, hence, the effectively bare modes are resumed
with sharp peaks. The frequency of the coupled LO
modes tends to ωLO for q  qsc. On the other hand,
for the case of lightly doped plasma coupled with LO
phonons [Fig. 3(a)], the L(+)(ω, q) branch is highly
phonon-like with negligible screening effect by the low
frequency plasmonic carriers, but the L(−)(ω, q) mode
shows plasmon-like behavior with broad peaks.
The plasmon-phonon coupled modes L(±)(ω, q)
show relatively narrow peaks in the phonon spectral
function A(q, ω), while the QPE-like modes shows
strong dissipative behavior in A(q, ω) as seen in Fig.
3(c) and (d). For weakly doped plasma with carrier
concentration 1017cm−3 [Fig. 3(c)], the maximum
in A(q, ω) of the phonon-like Ω+(q) coupled branch
shows less dispersive unscreened behavior with fre-
quencies ∼ ωLO, because the low frequency plasma
species is not fast enough to screen the long-ranged
Coulombic part of the LO oscillation. The low fre-
quency plasmon-like Ω−(q) coupled branch reveals
slight dispersive behavior starting with ω ∼ ωp('
0.12ωLO), while the QPE-like modes shows heavy
broadening as increasing the wavenumber. Therefore,
for small frequency exchanges during carrier-carrier
scattering, the finite-ω (dynamic) effect of the screen-
ing is negligible reducing to the case of Thomas-Fermi
screening limit.
For heavily doped plasma with carrier concentra-
tion 2 × 1019cm−3 [Fig. 3(d)], the maximum in
A(q, ω) of the phonon-like Ω−(q) coupled branch ap-
pears, as increasing wavenumber, at frequencies be-
tween ωTO and ωLO subject to Landau damping ap-
proaching asymptotically to ωLO [1]. The long-ranged
Coulombic field associated with the longitudinal op-
tical phonons is strongly screened by the carriers of
high plasmonic frequency ωp (' 1.7ωLO). The higher
frequency plasmon-like Ω+(q) coupled branch starts
with ω well above ωp showing strong dispersive be-
havior of relatively weaker strength.
In Fig. 4, the real part ∆(~q, ω) and imaginary part
Γ(~q, ω) of the phonon self-energy correction at 37 K
are illustrated for carrier concentrations of 1017cm−3
and 2× 1019cm−3. The signs of ∆(~q, ω) the same as
that of ReΠ(~q, ω), and the contours of ∆(q, ω) = 0 are
indicated by thin solid lines in Fig. 4(a) and (b). On
5FIG. 4: Phonon self energy of a conduction electron plasma in a wurtzite GaN at 37 K. (a) and (b) real parts of the
self energy correction ∆(~q, ω) for carrier concentrations of 1017cm−3 and 2 × 1019cm−3. (c) and (d) imaginary parts
of the self energy correction Γ(~q, ω) for carrier concentrations of 1017cm−3 and 2× 1019cm−3.
FIG. 5: Spectral behavior of the plasmon-phonon coupled modes in a doped wurtzite GaN at 37 K. Frequency and
wavenumber dependences of Ω1(q, ω) and Ω2(q, ω) for electron concentrations of (a) 10
17cm−3 and (b) 2× 1019cm−3.
the other hand, Γ(~q, ω) is defined to be nonnegative
and shows peaked structure along the well-defined
plasmon dispersion curves near the plasma cut-offs as
seen in Fig. 2. We note that LO phonon damping is
dominated through emission of longitudinal plasmons
along with weak contribution from QPEs of relatively
broader distribution.
In Fig. 5, the frequency and wavenumber depen-
dences of the plasmon-LO phonon coupled modes
Ω1(q, ω) and Ω2(q, ω) are shown for electron concen-
tration of 1017cm−3 and 2× 1019cm−3. We note that
Ω1(q, ω) ' ωLO over most of the domain satisfying
the condition 2∆(~q, ω) > −ωLO in the ω − q plane,
except near the regions of well-defined plasmonic col-
lective modes becoming Ω1(q, ω) >> ωLO. Below the
small opening gap [as indicated with white blank in
panel (a)] of 2∆(~q, ω) < −ωLO, we observe low fre-
quency of Ω1(q, ω) < ωLO over the region designated
in green. The secondary mode Ω2(q, ω) is confined
in the region of 2∆(~q, ω) < −ωLO with finite values
of Γ(~q, ω), as shown in Fig. 4(c) and (d). The cou-
pled modes reveal strong frequency and wavenumber
6FIG. 6: Cross-sectional view of renormalized phonon modes Ω1(q, ω) and Ω2(q, ω) at 37 K Behavior at constant values
of frequency ω for electron concentrations of (a) 1017cm−3 and (b) 2 × 1019cm−3. Behavior at constant values of
wavenumber q for electron concentrations of (c) 1017cm−3 and (d) 2× 1019cm−3.
dependences, and cross-sectional views of the renor-
malized phonon frequencies Ω1(q, ω) and Ω2(q, ω) are
illustrated in Fig. 6 for constant values of frequency
ω in panels (a) and (b) and for constant values of
wavenumber q in panels (c) and (d), respectively,
at 37 K for electron concentration of 1017cm−3 and
2× 1019cm−3.
IV. SUMMARY AND CONCLUSION
In this paper, spectral analysis on the phonon
spectral functions of a solid-state plasma formed in
a doped semiconductor are investigated by examin-
ing phonon self-energy corrections within a random
phase approximation. Phonon spectral functions are
mapped out in the ω−q space, and their dynamic and
nonlocal behaviors are studied including the effects of
dynamic screening and plasmon-phonon coupling at
finite temperature. The results are applied to the case
of a wurtzite GaN considering carrier-phonon channel
of polar optical phonons. We presented the frequency
and wavenumber dependent behavior of well-defined
plasmon-dominated modes clearly seen well outside
the single particle excitation continuum and the op-
tical phonon-dominated branch.
Our result shows that, in the presence of dynamic
screening of many carriers, the phonon spectral func-
tion is drastically modified from the bare phonon
case through electron-LO phonon coupling channel.
We also find that the contribution of the QPE-like
mode to the spectral function is heavily dependent
on the wavenumber and the concentration of plasma
species in a doped semiconductor. For the case of
heavily doped electron plasma, we confirm that the
maximum in A(q, ω) of the phonon-like Ω1(q) cou-
pled branch appears, as increasing wavenumber, at
frequencies between ωTO and ωLO subject to Landau
damping approaching asymptotically to ωLO. The
long-ranged Coulombic field associated with the lon-
gitudinal optical oscillations is completely screened
by the plasma species of ωp ( ωLO) with carrier
concentration 2 × 1019cm−3. The higher frequency
plasmon-like coupled branch Ω+(q) starts at q = 0
with ω ≥ ωp(' 1.7ωLO) showing strong dispersive
behavior of relatively weaker strength. For the case
of weakly doped electron plasma, the maximum in
A(q, ω) of the high frequency phonon-like Ω1(q) cou-
pled branch shows non-dispersive (unscreened) be-
havior with frequencies ∼ ωLO. The plasma species is
not fast enough to screen the long-ranged Coulombic
part of the LO oscillation The low frequency plasmon-
like branch Ω−(q) starts with ωp(∼ 0.12ωLO). For
small frequency exchanges during carrier-carrier scat-
tering, the nonlocal effect of the screening is reduced
to the case of Thomas-Fermi screening limit.
Meaningful informations on the collective behavior
of plasmon-phonon coupled system with considera-
tion of thermal and collisional broadening effects can
be obtained by comparing experimental spectra on
polar semiconductors with the results presented in the
present paper. The screening effects on the phonon
spectral function presented in the present work would
be resolved in various experiments such as transport
measurements and scattering experiments with neu-
7trons for finite wavenumber exchanges and Raman
techniques in the region of vanishing wavenumber ex-
changes.
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